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This paper addresses the effect of pore distribution on the overall properties and local stress ﬁelds in a
porous material. Thermal and elastic ﬁelds in materials with uniform microstructure are compared with
those of materials containing distinguishable clusters of circular or elliptic shape. The numerical simula-
tion combines multipole expansion of local ﬁelds with the multi-particle unit cell method. Our work
demonstrates that statistics of the peak stresses follow Gumbel’s rule derived for statistics of extreme
values and are directly related to statistics of nearest neighbors. Based on this correspondence, an ana-
lytical expression for statistics of maximal stresses in a porous material with arbitrary microstructure
is constructed in terms of porosity and statistics of minimal distances between the nearest neighbors.
At the same time, the numerical analysis indicates that overall elastic constants and thermal (or electri-
cal) conductivity are almost insensitive to the actual distribution of pores – uniform or with distinguish-
able pore clusters – at least in the examined interval of porosity (up to 50%).
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Quantitative analysis of the effect of inhomogeneity distribution
inheterogeneousmaterials on local andoverallmechanicalbehavior
of materials represents one of the most challenging aspects of
micromechanicsofmaterials. Theproblemis characterizedbyactual
needs of materials science since real materials (both natural and
man-made) rarely have uniformmicrostructure. Themain difﬁculty
associated with a quantitative description of this effect is that the
ergodic hypothesis does not hold for materials with non-uniform
microstructures and, therefore, ensemble averaging cannot be re-
placed by volume averaging; substantial statistical analysis is
required (see books of Beran, 1968 and Torquato, 2002 for discus-
sion). In the 1990s, growth of computational power and simulta-
neous development of effective computational algorithms (like
fast multipole method, Greengard, 1988; or fast Fourier transform,
Moulinec and Suquet, 1994) provided a possibility for systematic
statistical analysis of microstructures that also raised discussion
about the effect of non-uniform distribution of inhomogeneities on
the material properties.
Analysis of physical processes in materials with non-uniform
microstructures consists of two parts – geometrical description
of microstructure, and solution for physical ﬁelds (elastic, thermal
etc.). A general approach to solve the ﬁrst part – i.e. to describell rights reserved.
+1 575 6466111.statistically inhomogeneous two-phase random media – was pro-
posed by Quintanilla and Torquato (1997). They addressed the
problem of rigorous geometric description of a two-phase system
of non-uniformly distributed fully penetrable spheres that can
form clusters. The second part of the analysis depends on the phys-
ical content of the problem since different physical properties are
characterized in terms of different microstructural parameters
(Kachanov and Sevostianov, 2005). In the text to follow, we focus
mostly on the elastic and thermal ﬁelds in materials with non-uni-
form microstructure.
To the best of our knowledge, pioneering work in this area was
done by Ohno and Hutchinson (1984) where the effect of pore clus-
ters on plastic ﬂow localization was addressed. Pyrz (1994) and
Pyrz and Bochenek (1998) discussed correlation between nearest
neighbor statistics and peak stresses in ﬁber reinforced compos-
ites. However their conclusions, mostly of a qualitative character,
reduced to the statement that peak radial stresses increase with
a decrease in the space between ﬁbers. The method was explored
by Ganguly and Poole (2004) who discussed the correlation be-
tween the stresses in composites and spatial distribution of the
reinforcement. However, they assumed stresses to be uniform in-
side the inhomogeneities, and to satisfy this hypothesis the authors
have considered moderate concentrations of the inhomogeneities
only (concentration up to 0.2 inside the cluster). No statistical anal-
ysis has been provided in their work.
Electric ﬁeld ﬂuctuations in random two-dimensional dielectric
composites were discussed by Cheng and Torquato (1997) for
4420 I. Sevostianov, V. Kushch / International Journal of Solids and Structures 46 (2009) 4419–4429composites with circular, square and needle-like inclusions. They
show that the probability density function for a normalized electric
ﬁeld has a two-peak character and, therefore, higher order mo-
ments are required to describe the ﬁeld ﬂuctuations. Quantitative
analysis of peak interface stresses was provided by Babuška et al.
(1999) in the context of damage analysis and fracture of ﬁber-rein-
forced composites. The authors have obtained descriptive statistics
of peak interface stresses in ﬁber reinforced composites. They also
show that actual distribution of ﬁbers produces only a minor effect
on the overall elastic properties of the composite. Segurado et al.
(2003) also demonstrated that the effect of clusters on linear over-
all properties is weak and becomes more pronounced in the case of
non-linear overall properties. Its effect increases dramatically
when fracture phenomenon is concerned. In this case, the local
ﬁelds play the main role in the process and modiﬁcation of these
ﬁelds by clustering is of primary importance. Similar effects have
been observed in porous materials (Venkataraman et al., 2007).
Chen and Papathanasiou (2004) used boundary element method
to study peak stresses in ﬁber reinforced composites and con-
cluded that the key parameter for the interface stresses is the in-
ter-ﬁber distance. The maximum stress values have been
described by a Weibull distribution function.
Effect of small local ﬂuctuations in volume fractions of the con-
stituents on the effective properties was addressed analytically and
numerically by Suquet (2005) and Ga˘ra˘jeu and Suquet (2007). They
have shown, in particular, that the deviations from uniform distri-
bution of pores lead to weakening of the overall carrying capacity
of the material. Bilger et al. (2005) discussed the effect of non-uni-
form distribution of voids on plastic yield. They performed fast
Fourier transform-based numerical simulation on several micro-
structures and concluded that materials with uniformly random
microstructure are strongest from the point of view of plastic yield,
materials with interconnected clusters of pores are the softest
ones, while microstructures with isolated clusters are intermedi-
ate. The shapes of clusters and their relative density were not dis-
cussed. The approach was further developed by Bilger et al. (2007)
where yield surface of a material with non-uniformly distributed
pores in rigid perfectly plastic matrix is constructed. Various ways
were suggested to account for non-uniform distribution of inho-
mogeneities in analytical models. Most of these methods employ
the construction of ‘‘mesoscale” elements containing multiple
inhomogeneities which are then used to calculate the overall prop-
erties (see Ostoja-Starzewski, 2002 and the literature review
there). Many problems in this area are still open and await
solution.
The present paper focuses on the problem of identiﬁcation of
proper microstructural parameters that quantify effect of pore dis-
tribution on local and overall elastic and conductive properties. We
do not address the problems of percolation threshold or physical
mechanisms for speciﬁc microstructure formation, i.e. we do not
consider the physics of the random media but provide a microme-
chanical analysis of the pore distribution effect. Toward this aim,
systematic statistical analysis of local and mean ﬁelds has been
done on computer generated microstructures with various pore
content and distribution. The results were compared with ones
for materials with periodic structures (square and hexagonal)
and random uniform structure (with no distinguishable clusters).
To reduce the number of entering parameters, we consider materi-
als containing circular pores of the same size. A sufﬁciently large
series of numerical experiments has been carried out to obtain sta-
tistically meaningful data on local stress extremes and effective re-
sponse. In this work, calculation of the local ﬁelds is performed by
the multipole expansion method and recently developed computa-
tional algorithm (Kushch et al., 2008). We use the ‘‘multi-particle
unit cell” approach where the actual microgeometry is modeled
by periodic structure with a unit cell containing multiple inhomo-geneities. This allows one to combine the realistic structure model
with an accurate analysis of the relevant boundary value problem,
followed by averaging over a series of the random structure
realizations.2. Computational procedure
2.1. Modeling of microstructure
Fig. 1a illustrates the multi-particle 2D unit cell model used in
the present work: we discuss a quasi-random, or generalized peri-
odic, microstructure with the periods a and b along the axes Ox1
and Ox2, respectively. Its unit cell contains a certain number of
equal circular pores of radius R ¼ 1. Within such a cell, the pores
can be placed arbitrarily but not overlapping. The pores with
boundaries shown by dashed lines in Fig. 1a, while occupying a
certain area within it, do not belong to the cell. Thus, geometry
of the unit cell is given by its length a and height b with coordi-
nates ðX1q; X2qÞ as the centers of pores Oq; q ¼ 1; 2; . . . ; N. The
whole composite bulk can be obtained by translating the cell in
two orthogonal directions. Besides the global Cartesian coordinate
system Ox1x2, we introduce the local, pore-related coordinate sys-
tem Ox1qx2q with origins at Oq. Also, we will use the following com-
plex-valued variables
z ¼ x1 þ ix2; zq ¼ xiq þ ix2q; ð2:1Þ
which represent point x ¼ ðx1; x2ÞT in the complex planes Ox1x2 and
Ox1qx2q, respectively. Clearly, z ¼ zq þ Zq; where Zq ¼ X1q þ iX2q.
Number N of the pores with centers inside the cell has to be taken
sufﬁciently large to simulate microstructure of an actual disordered
porous material.
To generate the quasi-random structure shown in Fig. 1b, the
2D version of the molecular dynamics (MD) algorithm of growing
particles described by Kushch et al. (2008) is utilized. For a pre-
scribed porosity p and number N of pores inside the square unit
cell, its size a ¼ b ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃNp=pp . We do not consider the touching or
overlapping pores: instead, we assume the minimum allowable
spacing dmin ¼ minðjZpqj=D 1Þ (e.g., Chen and Papathanasiou,
2004) between the pores, where D is a diameter of pore and
Zpq ¼ Zp  Zq (see Fig. 1a). It is also known as impenetrability
parameter, in terms of the cherry-pit model (Torquato, 2002). A
small positive value is usually assigned to this parameter in order
to separate inhomogeneities and thus alleviate analysis of the
boundary value problem. In the present paper, the value 0.05 has
been assigned to dmin: further reduction of this parameter can
slightly inﬂuence the absolute value of the local stress concentra-
tions, but does not change the qualitative behavior of the local
and averaged ﬁelds.
Noteworthy, the representative cell model we consider is gen-
eral and ﬂexible sufﬁciently to simulate the non-uniform random
geometries including the clustered ones. Among a variety of cluster
structures which can be modeled in this way, we consider, proba-
bly, the simplest one: namely, we study the piecewise uniform ran-
dom packing containing the pore-rich isolated clusters of circular
(Fig. 1c) and elliptic (Fig. 1d) shape. In fact, we consider the
‘‘matrix” material with porosity constant pm, containing a square
array of clusters with constant porosity pc > pm. The overall poros-
ity is p ¼ ð1 vcÞpm þ pcvc , where vc is a volume fraction of clus-
ters; Nm ¼ ð1 vcÞpmab=p and Nc ¼ N  Nm ¼ vcpcab=p is the
number of pores inside and outside the cluster, respectively. For
the volume fraction vc and the aspect ratio cð> 1Þ of elliptic cluster
given, its semi-axes l1 and l2ðl1 < l2Þ are equal to l1 ¼ a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vc=pc
p
and
l2 ¼ cl1, respectively.
The above discussed cluster-containing cell geometry can be
obtained in the following way. First, the uniform microstructure
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Fig. 1. Quasi-random microstructure used for calculation of elastic and thermal ﬁelds: (a) unit cell geometry; (b) uniform microstructure; (c) microstructure containing
circular clusters and (d) microstructure containing clusters of elliptic shape.
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porosity equal to that inside the cluster, pc . The pores outside the
cluster are then removed randomly, one by one, until the pre-
scribed overall porosity of the material pm is reached. A drawback
of this simple method is that the structure obtained by the random
elimination procedure may lead to a non-uniform, percolation type
structure. This problem is ﬁxed readily by applying the ‘‘equilibra-
tion” procedure to the area outside the cluster (Torquato, 2002). In
our numerical study, the porosity outside the cluster is sufﬁciently
low (of order 0.2) so the mentioned non-uniformity of microstruc-
ture produces only a minor effect on the elastic and thermal ﬁelds.
The typical number of pores per cell in the numerical study of
uniform random structure is N ¼ 100. To keep the plots in Section
4 transparent, only each third point is shown (34 in total). The
analogous runs with N ¼ 150 and N ¼ 200 give practically the
same numbers: deviation does not exceed the shown in the plots
statistical error. In the case of clustered structure, in order to pro-
duce the well-observable cluster, N ¼ 150 was adopted.
2.2. Numerical simulation based on multipole expansion method
The multipole expansion method has been discussed in detail
by Kushch et al. (2008) in the plan-strain problem of ﬁber rein-
forced composites. Below, we brieﬂy outline this method with
application to local thermal and elastic ﬁelds in a porous material.
2.2.1. Local thermal ﬁelds
Macroscopically uniform steady state heat ﬂux in a porous
material satisﬁes the following governing equation:
hqi ¼ khrTi; ð2:2Þ
where k is the effective conductivity tensor, q is a heat ﬂux vector
and rT is a temperature gradient; angular brackets mean average
over representative volume element (RVE) of volume V. The pore
surfaces qq ¼ jzqj ¼ 1 are assumed to be thermally isolated (k0 is
the conductivity of the isotropic bulk material):q  nq ¼ k0 @T
@qq
jqq¼1 ¼ 0; q ¼ 1;2; . . . ;N: ð2:3Þ
Analytical solution of the stated conductivity problem can be writ-
ten in the form T ¼ ReU, where UðzÞ is a superposition
U ¼ u0 þ
XN
p¼1
ups þuh: ð2:4Þ
The ﬁrst term in (2.4) represents a linear far ﬁeld u0 ¼ Cz, and sec-
ond and third terms have the form
ups ¼
X1
n¼1
aðpÞn tnðzÞ; uh ¼
X
m–0
pm expðibmzÞ; ð2:5Þ
where bm ¼ 2pm=a; tnðzÞ ¼
P1
m¼1t

nm expðibmzÞ; and complex
series coefﬁcients aðpÞn ; pm, and t

nm are determined in Appendix A.
2.2.2. Local elastic ﬁelds
Similarly, the stress ﬁeld in a porous solid is assumed to be mac-
roscopically homogeneous, with the effective stress rij ¼ hriji and
strain eij ¼ heiji tensors related by
hriji ¼ Cijklhekli; ð2:6Þ
where C is the effective stiffness tensor. The cell-based structure
induces the periodicity of the local stress tensor
rijðzþ aÞ ¼ rijðzþ ibÞ ¼ rijðzÞ ð2:7Þ
and quasi-periodicity of the complex displacement u ¼ u1 þ iu2:
uðzþ aÞ ¼ uðzÞ þ ðE11 þ iE12Þa;
uðzþ ibÞ ¼ uðzÞ þ ðE12 þ iE22Þb: ð2:8Þ
This problem has been solved by the method of complex potentials
(Muskhelishvili, 1953), with minor modiﬁcations (see Kushch et al.,
2008). The components of displacement vector and stress tensor are
expressed in terms of two complex potentials, uðzÞ and wðzÞ, as
follows:
4422 I. Sevostianov, V. Kushch / International Journal of Solids and Structures 46 (2009) 4419–4429u1 þ iu2 ¼ ju ðz zÞu0  w;
r11 þ r22
2l
¼ 2ðj 1Þ ðe11 þ e22Þ ¼ 4Reðu
0Þ;
r22  r11 þ 2ir12
2l
¼ e22  e11 þ 2ie12 ¼ 2 ðz zÞu00 u0 þ w0½ ;
ð2:9Þ
where l is the shear modulus and m is the Poisson ratio of the iso-
tropic matrix material. For the plane stress problem discussed in the
present paper, j ¼ ð3 mÞ=ð1þ mÞ.
The superposition principle leads to the following expression
for the displacement:
u ¼ u0ðzÞ þ
XN
p¼1
upsðzpÞ þ uhðzÞ: ð2:10Þ
Each term of this sum is expressed in terms of complex potentials:
u0ðzÞ ¼ ðj 1ÞC1zþ ðC2  C1Þz; ð2:11Þ
upsðzpÞ ¼ jupsðzpÞ  ðzp  zpÞu0psðzpÞ  wpsðzpÞ; ð2:12Þ
where ups is deﬁned by (2.5) and wps has the same form, replacing
aðpÞn by b
ðpÞ
n , the latter are the unknown series coefﬁcients deter-
mined in Appendix A. The uhðzÞ term has the form (2.5) with the
complex potentials uh and wh and the series coefﬁcients pm and
qm, respectively. The resolving system of equations for these coefﬁ-
cients is given in Appendix A.
The series solution derived in the previous subsection is asymp-
totically exact, i.e. to get the exact values, one has to solve a whole
inﬁnite system of linear equations. In practice, it is solved by
applying the truncation method when a certain ﬁnite number
Neqn of equations and unknowns is retained. It can be proven rigor-
ously (Kantorovich and Krylov, 1964) that an approximate solution
obtained in this way converges to an exact one with Neqn ! 1.
Thus, any desirable accuracy can be achieved by the proper choice
of Neqn. The detailed study of numerical realization and conver-
gence in terms of number of harmonics, number of particles in
the cell, and the number of numerical tests is given by Kushch
et al. (2008).
2.2.3. Effective ﬁelds
The analytical solutions derived above provide evaluation of the
local ﬁelds in every point of the unit cell (and thus the whole por-
ous solid). Also, these ﬁelds can be integrated analytically to ﬁnd
the exact closed form expressions for the effective properties of a
porous solid.
In the conductivity problem, we assumed G ¼ G1 þ iG2 ¼
h@T=@x1i þ ih@T=@x2i to be given; hence, to get K it is sufﬁcient to
know Q ¼ Q1 þ iQ2 ¼ hq1i þ ihq2i:
Q ¼ 1
V
Z
V
ðq1 þ iq2ÞdV ¼ 
k
V
Z
V
@
@x1
þ i @
@x2
 
T dV : ð2:13Þ
From the Gauss formula we get
Q=k ¼ Gþ 2p
ab
XN
p¼1
aðpÞ1 : ð2:14Þ
Integration of the local strain and stress ﬁelds is also straightfor-
ward. We use formula (2.9) to write
hr11i þ hr22i
2l
¼ 4
V
Z
V
Reu0 dV ¼ 2
V
Re
Z
V
@
@x1
 i @
@x2
 
udV ð2:15Þ
and, after integration,r11 þ r22
2l
¼ 2ðj 1Þ e

11 þ e22
 þ 2p
ab
ðjþ 1Þ
ðj 1Þ
XN
p¼1
aðpÞ1 þ bðpÞ1
 
:
ð2:16Þ
Similarly,
hr22ihr11iþ2ihr12i
2l
¼2
V
Z
V
@u
@z
dV
¼1
V
Re
Z
S0

XN
q¼1
Z
Sq
 !
uðn1 in2ÞdS ð2:17Þ
results in
r22  r11 þ 2ir12
2l
¼ e22  e11 þ 2ie12 þ
2p
ab
ðjþ 1Þ
XN
p¼1
aðpÞ1 : ð2:18Þ
Together with (2.6), the relations (2.16) and (2.18) enable evalua-
tion of the effective transverse elastic moduli.
3. Results and discussion
In this section we analyze numerical results obtained for effec-
tive constants and statistics of peak stresses in materials with (1)
random uniform microstructure and (2) random microstructure
containing clusters of circular and elliptic shape. We compare
these results with ones derived in accordance with simple micro-
mechanical models and with results for periodic (quadratic and
hexagonal) microstructures.
3.1. Effective elastic and conductive properties
Weﬁrst discuss the overall elasticmoduli and overall conductiv-
ities. To compare results of the computer simulations with simple
micromechanical models, we used non-interaction approximation,
differential scheme and Mori–Tanaka scheme (see, for example,
Markov, 2000 for details). According to these schemes, effective
Young’s modulus and thermal (or electrical) conductivity of a two-
dimensional solid containingcircular pores are expressed as follows.
 Non-interaction approximation (with prescribed stress/heat
ﬂux):E ¼ E0
1þ 3p ; k
 ¼ k0
1þ 2p : ð3:1Þ Differential scheme:E ¼ E0ð1 pÞ3; k ¼ k0ð1 pÞ2: ð3:2Þ Mori–Tanaka scheme:E ¼ E0ð1 pÞ
1þ 2p ; k
 ¼ k0ð1 pÞ
1þ p : ð3:3Þ
where p is the total porosity.
Results of the comparison are presented in Fig. 2. Differential
scheme gives the closest agreement with the numerical data for
both Young’s modulus and conductivity. This observation coincides
with ones made by Sevostianov et al. (2006a) for Young’s modulus
and conductivity of closed-cell aluminum foams and by Weber
et al., 2003) for conductivity of aluminum reinforced by alumina
particles.
The effect of pore clusters on the overall elastic moduli and con-
ductivities is illustrated by the data in Table 1. We compare prop-
erties of materials with the same total porosity of 25% but with
different microstructures: uniformly distributed pores and pores
that form circular clusters with porosity inside the cluster being
0.3, 0.4, or 0.5 (porosity outside the clusters is 0.229, 0.186 and
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Fig. 2. Comparison of the effective (a) Young’s modulus and (b) conductivity of porous material calculated by various methods. In the numerical simulations, Young’s
modulus and conductivity are relative to an overall stress and heat ﬂux parallel to the x_1 axis of the multiparticle unit cells, with less than 2 properties along the x_2
direction. Possible anisotropy of these properties have not been quantiﬁed but are expected to be negligible in uniform microstructures.
Table 1
Effective Young’s modulus and effective conductivity calculated for uniform micro-
structure and microstructures with distinguishable circular clusters of various
densities (overall porosity is 0.25).
Porosity inside the cluster Porosity outside the cluster E=E0 k
=k0
0.25 0.25 0.444 0.582
0.3 0.229 0.437 0.576
0.4 0.186 0.434 0.578
0.5 0.143 0.421 0.572
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this porosity level are almost insensitive to the mutual positions of
the pores (in agreement with observation of Segurado et al., 2003).
3.2. Statistics of the max local stress concentration in materials with
uniformly distributed pores
Now, we proceed with the analysis of the local stress ﬁeld in a
porous solid. More speciﬁcally, we address the effect of microstruc-
tural parameters on concentration of the circumferential stress
rhh ¼ 12 r11 þ r22 þ Re r22  r11 þ 2ir12ð Þ expð2iÞh½ f g ð3:4Þ
on the pore surface
sðqÞm ¼ maxhq rhh=hr22ijqq¼1; q ¼ 1;2; . . . ;N ð3:5Þ
of porous material subjected to the uniaxial tension hr22i ¼ P. This
maximum stress, in particular, is responsible for the overall
strength of the material. In the case of periodic arrangement of
pores (see Grigoljuk and Fil’shtinskii, 1970), one-to-one functional
relationship between the porosity p and stress concentration
sm ¼ smðpÞ can be established. For disordered porous materials,
however, one cannot expect this kind correlation and some statisti-
cal distributions of sðqÞm have to be analyzed. To study them, we ﬁrst
introduce some relevant notations and functions.For the ordered sample sðq1Þm 6 sðq2Þm 6    6 sðqN Þm obtained from
the numerical experiment, we deﬁne the empirical cumulative
probability function (Beirlant et al., 2004)
Fsm ðrÞ ¼ PðsðqiÞm < rÞ ¼ ði 0:5Þ=N: ð3:6Þ
To obtain the speciﬁc test-independent data, sðqiÞm were averaged
over 20 realizations of random structure at a given porosity. The
dependencies obtained for the porosity levels of 0.1, 0.25, 0.40
and 0.50 are shown in Fig. 3. Note that the resulting distributions
of the peak stress values match perfectly by the Gumbel rule
FðxÞ ¼ expf exp½kðx xcÞg ð3:7Þ
which is the core of the statistical theory of extreme values (Gum-
bel, 1958; Beirlant et al., 2004). The results of approximation are
shown in Fig. 3 by the solid lines. We express the ﬁtting parameters
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stress r0xc ! 3r0 and k ! 1 as p ! 0,
xcðpÞ=r0 ¼ 1:69þ 1:31 expðp=0:227Þ;
kðpÞ ¼ 0:228 0:597 ln p: ð3:8Þ
Below we take
Fðr; pÞ ¼ exp  exp kðpÞ r xcðpÞ
r0
 	 
 
ð3:9Þ
as an analytical form of the cumulative probability function
Fsm ðrÞ ¼ Pðsm < rÞ.
Since the stress concentration on a given pore is greatly ampli-
ﬁed by the surrounding pores, the distribution of maximal stresses
discussed above is closely related to the microstructure statistics of
a porous solid, ﬁrst of all – to the nearest neighbor distance d. The
curves 1–3 in Fig. 4 show sm as a function of the pore separation
d ¼ jZpqj=D 1 for a solid with two equal pores (line 1) as well as
for the materials with square (line 2) and hexagonal (line 3) lattices
of pores (the direction of the applied load is indicated in Fig. 4). An
important and challenging question arises regarding the possibility
of determining the analogous dependence smðdÞ for a porous solid
with a random microstructure.
To answer this question, we use results of Torquato (1995) on
the nearest neighbor statistics for packing of hard disk. He has
introduced the exclusion probability function EðrÞ equal to the
probability that a circular region of radius r encompassing the ref-
erence particle (and centered on the reference particle center) is
free of other particle centers. Torquato (1995) gave the following
analytical representation for EðrÞ
EðrÞ ¼ expf/½4a0ðx2  1Þ þ 8a1ðx 1Þg; xP 1; ð3:10Þ
where a0 ¼ð1þ0:128/Þ=ð1/Þ2; a1¼0:564/=ð1/Þ2; x¼ r=D;D
and / are the particle diameter and the volume fraction of particles,
respectively. To apply these results to our case, we account for a
minimum pore separation dmin introduced in Section 2. Namely,
we have to use x ¼ jZpqj=~D and / ¼ ð1þ dminÞ2p (where ~D ¼ ð1þ
dminÞDÞ in formula (3.10).
Comparison of the results calculated with (3.10) and our
numerical results on the nearest neighbor statistics is illustrated
in Fig. 5. As seen from the plot, the agreement between the theory
and numerical experiment is very good.
Now we can construct an analytical form of the relationship
r d; indeed, existence of this relationship means that probability
of ﬁnding the pores at a distance larger than d is equal to the prob-
ability that maximal stress concentration in the material does not35
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Fig. 4. Stress concentration factor as function of the distance between pores for (1)exceed a certain value r (Fig. 6). We equate (3.9) and (3.10) and,
after some algebra, get the following explicit formula:
smðd; pÞ ¼ xcr0 ðpÞ  k
1ðpÞ ln / 4a0ðx2  1Þ þ 8a1ðx 1Þ
  
;
ð3:11Þ
with / and x, deﬁned above. The values of smðdÞ calculated according
to (3.11) at porosity levels of 0.1, 0.25, 0.40 and 0.50 are presented in
Fig. 7 by the dash-dotted lines. On the other hand, one can equate the
empirical probability function (Fig. 2) (the numerical test data) to
(3.10). The points obtained in this way are shown in Fig. 7.δ
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and (3) corresponding to stress concentration smðdÞ for two
interacting pores (bottom bound) and the hexagonal lattice (upper
bound) respectively. The solid with a square lattice of circular
pores takes an intermediate position and can serve as a reasonable
model of the random structure (from the standpoint of peak local
stress level), at least for moderate values of porosity.1.0
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simulation and approximation (3.14) with elastic constants calculated by Mori–Tanaka3.3. Local stress ﬁelds in materials containing pore clusters
We now consider local stress ﬁelds in materials containing pore
clusters of circular or elliptic shape. We keep the total porosity con-
stant p ¼ 0:25 and increase porosity inside the cluster (resulting in
decrease of the outer porosity). Three levels of porosity – 0.3, 0.4,
and 0.5 – inside the cluster were examined. The corresponding
levels of outer porosity are 0.229, 0.186, and 0.143. Generally, the
value of maximal stresses increases with growing porosity level
inside the cluster. This effect is illustrated in Fig. 8a. (Note the
contrast with effective properties given in Table 1, where clusters
produce only negligible effect). The reason for the growth is
discussed in Section 3.2 and is determined by a decrease in mini-
mal distance between the pores with local increasing porosity.
Comparison with Fig. 7, however, shows that increase of rmax for
cells containing clusters is substantially weaker than for cells with
uniformly distributed pores. The physical reason for this differ-
ence is that clusters in ourmodel are surrounded by stiffer material,
and the effective stress ﬁeld acting on the cluster is generally
lower than those acting on a material with uniformly distributed
pores.
To account for this difference, we suggest a simple model that
allows one to estimate the probability of peak stresses in clusters.
This procedure is similar to one used by Ostoja-Starzewski (2002).
First, we homogenize properties of a cluster and surrounding
material separately and consider a problem about isolated inho-
mogeneity. According to Eshelby’s (1957) theorem, if a uniform
stress ﬁeld r0ij at inﬁnity is prescribed, then the resulting uniform1.0
0.8
0.6)
σ
,
 
p)
0.4F
(σ
p = 0.30, numerical data
 Equation (4.14):
 Formulas (3.44), (3.45)
iff i l hD erent a  sc eme
Mori Tanaka
(b)
-
5 10 15
σ
1.0
0 8.
0 6) .
σ
,
 
p)
F(
σ
0.4
p 0 50 numerical data= . , 
Equation (4.14):
0.2 Formulas (3.44), (3.45)
(d)
 Differential scheme
0.0 Mori-Tanaka
5 10 15
σ
0.2
0.0
erical results at several values of porosity; (b)–(d) comparison of direct numerical
method, differential scheme and by formulas (2.17) and (2.18).
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lows (Kunin and Sosnina, 1971):
rðintÞij ¼ Cijklr0kl: ð3:12Þ
Stress concentration tensor Cijkl can be related to Eshelby’s tensor
smnkl as
Cijkl ¼ Jijkl þ Qijmn Smnkl  S0mnkl
 h i1
;
Qijkl ¼ CijmnðJmnkl  SmnklÞ; ð3:13Þ
where Jijkl ¼ dikdlj þ dildkj
 
=2 is the unit fourth rank tensor and Smnkl
is the elastic compliance tensor (superscripts * and 0 correspond to
effective properties of cluster and surrounding material, corre-
spondingly). The inverse of symmetric fourth rank tensor X1ijkl is de-
ﬁned by the relation X1ijmnXmnkl ¼ XijmnX1mnkl
 
¼ Jijkl.
Now we consider a cluster of pores in the stress ﬁeld rðintÞij cal-
culated by (3.12) for r0ij ¼ di2dj2 and assume uniform distribution
of pores inside the cluster. Expression (3.9) for cumulative proba-
bility function has to be rewritten as
Fðr; pÞ ¼ expf exp½kðpÞðr xcðpÞÞ=rðintÞg ð3:14Þ
with kðpÞ and xcðpÞ given by (3.8) and rðintÞ ¼ rðintÞ22 .
Certainly, this function depends on tensor Cijkl and thus on the
method of calculating the effective properties. In Fig. 8 b–d we
compared numerical results for different porosities with ones1.0
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Fig. 9. Effect of shape of the cluster on cumulative probability function of peak stresses
along the major and the minor semi-axes of the elliptic cluster with those for circular c
with elastic constants calculated by Mori–Tanaka method, differential scheme and by for
elliptic cluster.calculated according to (3.12) and (3.14). Three sets of elastic mod-
uli were used: computed numerically (Table 1), calculated by
Mori–Tanaka (3.3), and differential (3.2) schemes. An interesting
observation is that simple one-particle schemes serve as bounds
for real values of the peak stresses. More accurate values of the
elastic constants (obtained numerically in our simulation) lead to
a very good agreement with the results of numerical experiment.
Remark. Applicability of formula (3.12) depends on the interac-
tion between periodically arranged clusters. It was shown by
Sevostianov et al. (2006b) and Sevostianov and Sabina (2007) that,
in the relevant to the present analysis case of moderate contrast in
elastic properties of the matrix and inhomogeneities, non-interac-
tion approximation gives very good accuracy for inhomogeneities
concentration up to 35%.Thus, the account for clusters interaction
(using Mori–Tanaka, differential or any other scheme) will not
produce a noticeable effect at volume fraction of clusters of 30%.
Another issue we address is the effect of cluster shape on the
values of the peak stresses. Comparison of the results for circular
and elliptic shapes is given in Fig. 9a. We examined an elliptic clus-
ter of the aspect ratio of 2.5 when normal stresses are applied
along its major or minor axes. The highest stress concentration is
reached when the load is applied along the major axis of the
ellipse. We also checked the possibility of approximating the
numerical results by formula (3.14). The results are presented in
Fig. 9 b and c for loading along the major and minor axes of the
ellipse, respectively. Again, the result is very sensitive to accurate1.0
0 8.
0 6.p)
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(porosity inside the cluster is 0.5): (a) comparison of numerical results for loading
luster; (b), (c) comparison of direct numerical simulation and approximation (3.14)
mulas (2.17) and (2.18) for loading along the major and the minor semi-axes of the
I. Sevostianov, V. Kushch / International Journal of Solids and Structures 46 (2009) 4419–4429 4427calculation of the elastic moduli inside and outside of the cluster.
Mori–Tanaka’s and differential scheme calculation provide bounds
for the real values. Elastic constants obtained from computer sim-
ulation lead to a very good agreement with the direct results.
4. Conclusions
The effect of pore distribution on statistics of local stress ﬁelds
and overall thermal and elastic properties is examined. For this
aim, we combined multipole expansion of local ﬁelds with multi-
particle unit cell method where the actual microgeometry is mod-
eled by periodic structure with a unit cell containing multiple
inhomogeneities. The following 2-Dmicrostructures formed by cir-
cular pores have been discussed:
1. Uniformly distributed pores with total porosity up to 0.5.
2. Microstructures containing distinguishable clusters of circular
shape with porosity inside the cluster being 0.3, 0.4, or 0.5
(the total porosity of the material was kept at 0.25).
3. Microstructure formed by clusters of elliptic shape of the aspect
ratio 2.5 (with loading along major or minor axes).
Twenty realizations were analyzed for every microgeometry
and statistical analysis of the results has been provided. Below,
we summarize the main results of our study:
 Distribution of maximal stresses in porous material follows
Gumbel’s rule FðxÞ ¼ expf exp½kðx xcÞg derived for statis-
tics of extreme values (Gumbel, 1958).
 Explicit correspondence between statistics of maximal stresses
and statistics of nearest neighbors (Torquato, 1995) is observed.
 Analytical expression (3.11) is obtained for statistics of maximal
stresses in a porous material with arbitrary microstructure as a
function of porosity and for statistics of minimal distances
between the nearest neighbors.
 A simple model that describes statistics of local stresses inside
clusters of circular or elliptic shape is proposed. Predictions
according to this model are in good agreement with the numer-
ical data.
 Spatial distribution of circular pores (uniform or with distin-
guishable pore clusters) produce negligible effect on the overall
thermal and elastic properties (at least, in the examined interval
of porosity variation).Acknowledgments
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Appendix A
The complex potentialUðzÞ in (2.4) involves functions periodic in
x1-direction. Theﬁrst of periodicity conditions Tðzþ aÞ ¼ TðzÞ þ G1a;
Tðzþ ibÞ ¼ TðzÞ þ G1b, can be satisﬁed by appropriate choice of C1:
Re½Uðzþ aÞ UðzÞ ¼ ReðCaÞ ¼ G1a: ðA:1Þ
Thus, C1 ¼ G1.
To satisfy the second condition (periodicity in x2-direction), we
ﬁrst introduce the following notations:
PðpÞm ¼
X1
n¼1
aðpÞn t

nm; ðA:2Þ
where tnm are the series expansion coefﬁcients.tnm ¼
2p
a
emðbmÞn1
ðiÞn
ðn 1Þ! ; e0 ¼
1
2
; em ¼ 1 for m > 1: ðA:3Þ
Then,
ups ¼
X1
n¼1
aðpÞn tnðzÞuh ¼
X1
m¼0
PðpÞm expðibmzÞ; ðA:4Þ
where the ‘‘+” and ‘‘” signs correspond to Izp > 0 (top side of the
cell) and Imzp < 0 (bottom side of the cell). Substitution of (A.4) into
the second periodicity conditions formulated in the beginning of
the Appendix and equating the like terms in Fourier series yield
for m ¼ 0
Re
XN
p¼1
PðpÞþ0
 !
 C2ðx2 þ bÞ ¼ Re
XN
p¼1
PðpÞ0
 !
 C2x2 þ G2b; ðA:5Þ
from where, taking into account that PðpÞþ0  PðpÞ0 ¼  2pia aðpÞ1 , the
constant C is determined as
C ¼ G1  iG2 þ 2pia
XN
p¼1
ImaðpÞ1 : ðA:6Þ
The remaining terms are periodic in x2 with period b and the Fourier
series coefﬁcients pm in uh:
pm ¼ D1m
XN
p¼1
PðpÞm expðibmZpÞ; ðA:7Þ
where m > 0 and Dm ¼ expðbmbÞ  1 .
To fulﬁll the qth pore boundary conditions (2.3), we need ﬁrst to
re-expand. The ﬁrst term in (2.4) has the form
u0 ¼ Cz ¼ Czq þ CZq: ðA:8Þ
For the last term one can write
uh ¼
X
m–0
pm exp½ibmðzþ ZqÞ ¼
X1
k¼0
Að1Þk ðzqÞk; ðA:9Þ
where
AðqÞk ¼
X
m–0
pm
ðibmÞk
k!
expðibmZqÞ: ðA:10Þ
To transform the singular part of complex potential us ¼
PN
p¼1ups,
we utilize formulas of Abramovitz and Stegun (1964)
us ¼
X
k
aðqÞk z
k
q ; where a
ðqÞ
k ¼
XN
p¼1
X1
n¼1
aðpÞn H

nkðZpqÞ for kP0: ðA:11Þ
Now, rewriting the boundary condition (2.3) as
@
@qq
ðUþUÞjqq¼1 ¼ 0; ðA:12Þ
and using the orthogonality of Fourier harmonics expðikhqÞ we get,
after a simple algebra, the following set of linear equations:
 aðqÞk þ aðqÞk þ AðqÞk ¼ dk1C;
k ¼ 1;2; . . . ; q ¼ 1;2; . . . ;N:
ðA:13Þ
To increase the computational efﬁciency, we eliminate all the un-
knowns but aðqÞk . The ﬁnal explicit form of the system is
 aðqÞk þ
XN
p¼1
X1
n¼1
aðpÞn H

nkðZpqÞ þ GnkðZpqÞ
 
¼ dk1 G1  iG2 þ pab
XN
p¼1
aðpÞ1  aðpÞ1
 " #
; k ¼ 1;2; . . . ;
q ¼ 1;2; . . . ;N: ðA:14Þ
Here
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X1
m¼1
1
mDm
	
ð1Þn expðibmZpqÞ
þð1Þk expðibmZpqÞ
i ðibmÞnþk
ðn 1Þ!k! ðA:15Þ
is the additional term in the matrix coefﬁcients, so that
AðqÞk ¼
XN
p¼1
X1
n¼1
aðpÞn G

nkðZpqÞ: ðA:16Þ
The resolving system of equations for the elasticity problem can be
obtained in the same way as in the conductivity problem. First, we
deﬁne unknowns C1; C2; pm and qm to satisfy the periodicity con-
ditions (2.7) and (2.8):
ðj 1ÞC1 ¼ ðE11 þ E22Þ=2þ ReCR;
C2 ¼ C1 þ ðE22  E11Þ=2þ iE12 þ CR;
CR ¼ pab
XN
p¼1
jaðpÞ1 þ bðpÞ1
 
; pm ¼
1
Dm
XN
p¼1
PðpÞm expðibmZpÞ;
qm ¼
1
Dm
XN
p¼1
2b
expðbmbÞ
Dm
 iðZp  ZpÞ
	 

bmP
ðpÞ
m þ Q ðpÞm
 
expðibmZpÞ;
ðA:17Þ
where PðpÞm is given by (A.2) and Q
ðpÞ
m has the same form, with
replacement of aðpÞn by b
ðpÞ
n .
Now, we satisfy the traction-free condition at the pore surface
r  nqjqq¼1 ¼ 0, or, equivalently
ðrqq  irqhÞjqq¼1 ¼ 0: ðA:18Þ
For this aim, we utilize expression
rqq  irqh
2l
¼ 2Reðu0Þ  ½ðz zÞu00 þu0 þ w0 expð2ihÞ; ðA:19Þ
where h is an angular coordinate. Representing the sum potentials
u ¼ C1zþ
PN
p¼1ups þuh and w ¼ C2zþ
PN
p¼1wps þ wh in the qth lo-
cal coordinate system, we get
uðzqÞ ¼
X
k
ðaðqÞk þ AðqÞk þ dk;1C1Þzkq ;
wðzqÞ ¼
X
k
ðbðqÞk þ BðqÞk þ dk;1C2Þzkq ; ðA:20Þ
where aðqÞk for kP 0 are deﬁned by formula (A.11),
bðqÞk ¼
XN
p¼1
X1
n¼1
bðpÞn H

nkðZpqÞ þ ðnþ 1ÞðZpq  ZpqÞaðpÞn Hn;kþ1ðZpqÞ
h i
:
ðA:21Þ
AðqÞk is given by (A.10) and
BðqÞk ¼
X
m–0
½qm  ibmðZq  ZqÞpm
ðibmÞk
k!
expðibmZqÞ: ðA:22Þ
Accounting for orthogonality of Fourier harmonics expðikhqÞ yields
then an inﬁnite linear system
kcðqÞk þ dðqÞk  ðk 2ÞcðqÞk2  cðqÞk ¼ dk1C1;
 cðqÞk þ ðkþ 2ÞcðqÞðkþ2Þ þ kcðqÞk  dðqÞk ¼ dk1ðC2  C1Þ;
k ¼ 1;2; . . . ; ; q ¼ 1;2; . . . ;N; ðA:23Þ
where cðqÞk ¼ aðqÞk ; dðqÞk ¼ bðqÞk for kP 0 and cðqÞk ¼ aðqÞk þ AðqÞk; dðqÞk ¼ bðqÞk
þBðqÞk otherwise. As a ﬁnal step, similarly to the conductivity problem,the ‘‘regular” coefﬁcientspm and qm can be excluded from consider-
ation in order to improve efﬁciency of the numerical algorithm.References
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